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The Length of the Shortest Edge of a Graph on a Sphere
HIROSHI MAEHARA
Let Sd denote a unit sphere in the (d + 1)-dimensional Euclidean space Rd+1(d ≥ 1). For a
simple graph GE with edge set E , take independent random points xk , k ∈ V (GE ), on Sd , and let
DE be the minimum value of the spherical distance between xi , x j for {i, j} ∈ E . We prove that
|E |DdE is asymptotically (as |E | → ∞) distributed according to the exponential distribution with
mean d B( 12 ,
d
2 ), where B(p, q) is the beta function.
c© 2002 Published by Elsevier Science Ltd.
1. INTRODUCTION
Let Sd denote a unit sphere in the (d + 1)-dimensional Euclidean space Rd+1 (d ≥ 1).
Consider n random points on Sd distributed independently and uniformly, and let D denote
the smallest spherical distance between these n points. What is the distribution of D? To
estimate its distribution is useful in statistical applications. If n = 2, this problem reduces
to the problem of computing the surface area of a spherical cap of a given angular radius
on a d-dimensional sphere, and the case n = 2, d → ∞ is considered in [1]. The case
d = 1, n →∞ is partly considered in [3]. Moran [5] considered the bounds for the tail of the
distribution of D to study the distribution of the largest sample correlation coefficient between
a set of normally distributed variables. Here, we are going to determine the asymptotic distri-
bution of D as n →∞ for general d ≥ 1.
Let us consider a more general setting: let
GE = (V, E)
denote a simple graph with edge-set E and vertex-set V . The number of edges in E is denoted
by N :
N = |E |.
Let xk(k ∈ V ) be random points on Sd distributed independently and uniformly, and let
DE := min{i, j}∈E x̂i x j ,
where x̂i x j is the spherical distance between xi and x j . Then DE is a random variable. We are
going to determine the asymptotic distribution of DE as N →∞.
For a positive constant c, put
α = αN =
(
c
N
)1/d
.
For each edge A = {i, j} of GE , define a random variable X A by
X A =
{
1 if x̂i x j ≤ α
0 if x̂i x j > α.
Then ‘DE > α’ is equivalent to ‘
∑
A∈E X A = 0’. Let
β = βd = d B
(
1
2
,
d
2
)
,
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where B(p, q) = 0(p)0(q)/0(p + q), the beta function. For instance,
βi = pi, β2 = 4, β3 = 3pi/2, β4 = 16/3.
We prove the following.
THEOREM 1. For each integer k ≥ 0,
Pr
(∑
A∈E
X A = k
)
→ (c/β)
ke−c/β
k! as N →∞.
Since Pr(DE ≤ α) = 1 − Pr(DE > α) = 1 − Pr
(∑
X A = 0
)
, it follows that Pr(DE ≤ α)
→ 1 − e−c/β as N →∞. Hence,
Pr(N DdE ≤ c) = Pr(N DdE ≤ Nαd) = Pr(DE ≤ α)→ 1 − e−c/β .
Hence the following.
THEOREM 2. For any t > 0,
lim
|E |→∞
Pr(|E |DdE ≤ t) = 1 − e−t/β .
Thus the asymptotic distribution of |E |DdE is irrelevant to the graph structure of GE . By
taking the complete graph Kn as GE , we have the following.
COROLLARY 1. Let D denote the smallest spherical distance between n independent ran-
dom points on Sd . Then
Pr
((
n
2
)
Dd ≤ t
)
→ 1 − e−t/β as n →∞.
If we take the complete bipartite graph K p,q as GE , then we have the following.
COROLLARY 2. Choose p ‘red’ points and q ‘blue’ points, all distributed independently
and uniformly on Sd , and let Dp,q denote the minimum value of the spherical distance from a
red point to a blue point. Then
Pr(pq Ddp,q < t)→ 1 − e−t/β as pq →∞.
2. A FEW LEMMAS
Put
ϕ(α) = area(C(α))
area(Sd)
,
where C(α) denotes a spherical cap of angular radius α, and area(·) denotes the d-dimensional
surface area. For a collection of edges A1, A2, . . . , As of GE , let
G(A1, A2, . . . , As)
denote the subgraph of GE with vertex set A1 ∪ A2 ∪ · · · ∪ As and the edges A1, A2, . . . , As .
LEMMA 1. If the graph G(A1, A2, . . . , As) contains no cycle, then
Pr(X A1 X A2 . . . X As = 1) = ϕ(α)s .
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PROOF. Since G(A1, . . . , As) contains no cycle, there is an end-edge (an edge that is inci-
dent to a vertex of degree 1). We may suppose that As = { j, k} is an end-edge, and that k is
a vertex of degree 1. Then, by the symmetry of the sphere, we may assume that x j is a fixed
point on Sd , and hence X As is independent of other X Ai s. Now, X As = 1 if and only if xk lies
in the spherical cap with centre x j and angular radius α. Hence Pr(X As = 1) = ϕ(α). Thus
Pr(X A1 X A2 . . . X As = 1) = Pr(X A1 . . . X As−1 = 1)ϕ(α).
Since G(A1, . . . , As−1) has no cycle, the lemma now follows by induction. 2
LEMMA 2. Let Fr,E denote the number of r-tuples (A1, A2, . . . , Ar ) ∈ Er such that G
(A1, . . . , Ar ) forms a forest, Then Fr,E = N r + O(N r−1).
PROOF. For any k edges A1, A2, . . . , Ak(k < r), the number of edges in the subgraph of
GE induced by {A1, A2, . . . , Ak} is at most
(2k
2
)
. Hence
Fr,E ≥ N
(
N −
(
2
2
))(
N −
(
4
2
))(
N −
(
6
2
))
· · ·
(
N −
(
2(r − 1)
2
))
= N r + O(N r−1).
On the other hand, clearly Fr,E ≤ N r . Hence we have the lemma. 2
The next result is proved in [4].
LEMMA 3. For any integer p ≥ 3, the number of p-cycles in GE does not exceed
( 2p/2
2p
)
|E |p/2.
Finally, we need a lemma concerning Poisson convergence. Let Y1, Y2, . . . , YN be random
variables which may take two values 0 and 1 only, and let Y = Y1 + Y2 + · · · + YN . Then, for
a positive integer r , the r th binomial moment Ur of Y is defined by
Ur =
∑
E(Yi1 Yi2 . . . Yir ),
where the summation is over all 1≤ i1 < i2 < · · · < ir ≤ N , that is, over all r -subsets of
{1, 2, . . . , N }. Then the following lemma holds. For the proof, see Palmer [6, pp. 139–141].
LEMMA 4. Suppose that for each r = 1, 2, 3, . . . ,
lim
N→∞Ur =
µr
r ! , 0 < µ <∞.
Then for each integer k ≥ 0,
lim
N→∞Pr(Y = k) =
e−µµk
k! .
3. PROOF OF THEOREM 1
First, we show that
Nϕ(α) = c
β
+ O(N−2/d) (as N →∞).
Let vd denote the volume of the d-dimensional unit ball. Then, since
(sinα)dvd < area(C(α)) < αdvd ,
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and since α = (c/N )1/d , (sinα)d = (α + O(α3))d = αd + O(αd+2) as N →∞, we have
area(C(α)) = αdvd(1 + O(α2)) = (c/N )vd(1 + O(N−2/d)) as N →∞.
Since
vd = 2pi
d/2
d0
( d
2
) and area(Sd) = 2pi (d+1)/2
0
( d+1
2
)
(see, e.g., Kendall [2, p. 35]), we have
Nϕ(α) = c × 2pi
d/2
d0
( d
2
) × 0( d+12 )
2pi (d+1)/2
(1 + O(N−2/d))
= c × 0
( d+1
2
)
d
√
pi0
( d
2
) (1 + O(N−2/d)) = c
d B
( 1
2 ,
d
2
) (1 + O(N−2/d))
= c
β
+ O(N−2/d).
PROOF OF THEOREM 1. Denote the r th binomial moment of
∑
X A by Ur , that is,
Ur =
∑
E(X A1 X A2 . . . X Ar ),
where the summation is over all r -collections {A1, A2, . . . , Ar } of edges of GE . Then, by
Lemma 4, it will be sufficient to show that Ur → (c/β)r/r ! as N →∞. We show that
Ur = (c/β)
r
r ! + O(N
−2/d)+ O(N−1/2).
Let Fr denote the set of those r -collections {A1, A2, . . . , Ar } such that G(A1, A2, . . . , Ar )
are forests. By Lemma 2, we have |Fr | = Fr,E/r ! = N r/r ! + O(N r−1). Since
E(X A1 . . . X Ar ) = ϕ(α)r
for {A1, . . . , Ar } ∈ Fr by Lemma 1, the contribution of the elements in Fr to Ur is
N r
r ! (1 + O(N
−1))ϕ(α)r = (Nϕ(α))
r
r ! (1 + O(N
−1))
= (c/β + O(N
−2/d))r
r ! (1 + O(N
−1))
= (c/β)
r
r ! + O(N
−2/d)+ O(N−1).
For {A1, . . . , Ar } not contained in Fr , let γ = γ (A1, . . . , Ar ) denote the girth of G
(A1, . . . , Ar ), that is, the length of the minimum cycle in G(A1, . . . , Ar ), and let ν = ν
(A1, . . . , Ar ) denote the number of edges in a maximal spanning forest of G(A1, . . . , Ar ).
Then, clearly γ ≤ ν. For each (p, q, r), 3 ≤ p ≤ q < r , let
E(p, q; r)
denote the set of those {A1, . . . , Ar } for which γ = p, ν = q . If {A1, . . . , Ar } ∈ E(p, q; r),
then the number of vertices in G(A1, . . . , Ar ) is at most 2q . Hence, by Lemma 3,
|E(p, q; r)| ≤
(
2p/2
2p
)
N p/2 · N q−(p−1) ·
( (2q
2
)
r − q − 1
)
= O(N q−(p/2−1)).
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Since
E(X A1 . . . X Ar ) ≤ ϕ(α)q ,
for {A1, . . . , Ar } ∈ E(p, q; r), the contribution of the elements in E(p, q; r) to Ur is at most
O(N q−(p/2−1))ϕ(α)q = O(N−(p/2−1)).
Therefore
Ur = (c/β)
r
r ! + O(N
−2/d)+ O(N−1/2). 2
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